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Abstract. — Let f : Y — X be a morphism between smooth complex quasi-projective varieties and Z
be the closure of f(Y) with ¢ : Z — X the inclusion map. We prove that:
— for any field K, there exist finitely many semisimple representations {7; : m(Z) —
GLp (k) }i=1.....¢ with k C K the minimal field contained in K such that if o : 71 (X) — GLy (K)

is any represe",'ri{ation satisfying [ f*o] = 1, then [¢* o] = [77] for some i.
— The induced morphism between GLp-character varieties (of any characteristic) of 7 (X) and
71 (Y) is quasi-finite if Im[7((Z) — 71(X)] is a finite index subgroup of 71 (X).

These results extend the main results by Lasell [Las95] and Lasell-Ramachandran [LR96] from smooth
complex projective varieties to quasi-projective cases with richer structures.

1. Main results

Let f : Y — X be a morphism between smooth complex projective varieties, and let Z be the
closure of f(Y). By the work of Deligne [Del74, Proposition 8.2.7], the kernel of the map from
H*(X,C) to H*(Y,C) induced by f is the same as that of H*(X,C) — H*(Z,C). In this paper,
we will study this phenomenon in the context of non-abelian Hodge theories. Our first theorem is
as follows.

Theorem A (=Theorems 3.4 and 3.9). — Let f : Y — X be a morphism between smooth quasi-
projective varieties and Z be the closure of the image f(Y). Let 1 : Z — X be the natural
inclusion. Let K be any field and let k C K be the minimal field contained in K, which is Q if
charK =0 and is F), if char K = p > 0. Then there exists finitely many semisimple representations
{ri : m(Z) > GLy (k) }i=1

(i) ifcharK = 0 and o : m1(X) — GLN(K) is a semisimple representation with f*o = 1,
then t*o : m(Z) — GLy(K) is conjugate to some 7; : 71(Z) — GLn(Q). In particular,
t*o(m1(Z)) is a finite group.

(i) if charK = p > 0 and o : n1(X) — GLN(K) is a linear representation such that the
semisimplification of f* o is trivial, then the semisimplification of "o : m1(Z) — GLy(K) is
conjugate to some 7; : n1(Z) — GLy (Fp), and * (1 (Z)) is a finite group.

¢ with 7;(r1(Z)) being finite groups such that

.....

We remark that the above theorem generalizes [LLR96, Theorem 1.1] to the quasi-projective
cases. Moreover, we provide a more explicit description of the finite quotient group factoring
through in [LR96] even when X is projective.

It is noteworthy that Deligne’s theorem also has some analogue in terms of morphisms between
character varieties. Let X be a complex quasi-projective variety. The GLy-character variety of
the topological fundamental group 7r; (X) in characteristic zero, denoted by Mg (X, N), is an affine
Q-scheme of finite type such that its C-points Mg (X, N)(C) is identified with the conjugate classes
of semisimple representations 71 (X) — GLy (C). In the case of characteristic p > 0, there exists
also the corresponding character variety Mg (X, N )FP, which is an affine FF,-scheme of finite type
such that for any algebraically closed field K with char K = p, the K-points Mg(X, N)(K) is
identified with the conjugate classes of semisimple representations 7;(X) — GLy(K). If f :
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Y — X is a morphism between smooth complex quasi-projective varieties, it induces morphisms
Jjy : Mg(X,N) —» Mg(Y,N) and jy : Mg(X, N)]pp — MB(Y,N)FP. Our second result is as
follows.

Theorem B (=Theorems 4.1 and 4.3). — Let f : Y — X be a morphism between smooth
quasi-projective varieties, and Z be the closure of f(Y). If Im[n(Z) — m1(X)] is a finite index
subgroup of m1(X), then both jy : Mg(X,N) — Mg(Y,N) and jy : Mg(X,N)g, — Mg(Y,N)z,
are quasi-finite.

In characteristic zero, this result generalizes [Las95, Theorem 6.1] to the quasi-projective case.
The case for a positive characteristic is new even in the projective setting. We remark that our
proof is quite different and much simpler than that in [Las95] (see Remark 4.2). Specifically, we
avoid the use of the complex variation of Hodge structures, harmonic bundles, and moduli spaces
of semistable Higgs bundles as constructed by Simpson. For the proofs of Theorems A and B, we
mainly use the techniques of non-abelian Hodge theories in the non-archimedean cases recently
developed in [BDDM22,CDY22,DYK23,DY?23].

The paper is organized as follows. In Section 2, we briefly review the character variety and
properties of bounded representations and recall a reduction theorem in the quasi-projective case
proved in [CDY22]. In Section 3, we study the subscheme of the character varieties Mg (X, N)
in characteristic 0 and Mg (X, N)g,, in characteristic p consisting of all classes of representations
whose pull-back via f is trivial and prove Theorem A. Section 4 is devoted to the proof of
Theorem B.

2. Technical preliminaries

2.1. Character varieties. — In this section, we briefly recall the definition and properties of the
character varieties in any characteristic. For more details and proof of these results, we refer the
readers to [Ses77,L.M85].

Assume that X is a complex quasi-projective variety and 71 (X) is its topological fundamental
group. Even though we can construct a variety of representations and so on for any finitely
generated group, we restrict to the fundamental groups of algebraic varieties which is enough for
our purpose.

Let N be a fixed positive integer. The homomorphisms from 71 (X) into GLy is represented by
an affine scheme Ry (X, N)z of finite type defined over Z. For any commutative ring A, we have
Rp(X,N)z(A) = Hom(m;(X), GLy(A)). Note that GLy acts on Rg(X, N)z by the conjugation
and such an action is algebraic. Let 7 : Rg(X, N)z — Mg (X, N)z be the GIT quotient. Note that &
is a surjective morphism between affine schemes of finite type defined over Z. We call Mg (X, N)z
the character variety of 71 (X) into GLy .

Now assume that A is a field K of characteristic zero. Consider Mg (X, N) := Mg(X, N)z Xspecz
Spec Q, which is an affine Q-scheme of finite type. For o € Rg(X, N)z(K), we shall denote its
image in Mg(X,N)(K) by [o] := n(0). Notice that for an algebraically closed field K of
characteristic zero, the points of Mg (X, N)(K) parametrize conjugation classes of semisimple
representations 771 (X) — GLy (K). For any o € Rg(X, N)(K), we denote its semi-simplification
as 0*%. Then two linear representations o1, 02 : m1(X) — GLy (K) satisfies [o1] = [02] if and
only if of* ~ ©3*, where ~ means that they differ by a conjugation by an element in GL (K).

The case of character variety in the positive characteristic is similar. Let p be a prime number
and write Rg, = Rp(X,N)z Xspecz SpecF,,. Note that the general linear group GLN,IF‘,, =
GLN Xspecz SpecF), over F), acts on Rg, by conjugation. Let Mg (X, N)[pp be the GIT quotient
of Rg, by GLy r,. Then Mg (X, N)g, is an affine F,-scheme of finite type. For any algebraically
closed field K of characteristic p, the K-points Mp (X, N)g, (K) are identified with the conjugacy
classes of semisimple representations 71 (X) — GLy (K).

2.2. Bounded representations. — We first recall the following definition of bounded subsets of
affine schemes over a non-archimedean local field (see [DY K23, Definitions 3.3]).
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Definition 2.1. — Let K be a non-archimedean local field.

(i) Let X be an affine K-scheme of finite type. A subset B c X(K) is bounded if for every
f € K[X], the set {v(f(b)) | b € B} is bounded below, where v : K — R is the non-
archimedean valuation of K.

(i) Let I' be a finitely generated group. A representation o : I' — GLy (K) is bounded if its
image o(I") is bounded.

Bounded subsets and compact subsets are closely related as follows (see [KP23, Fact 2.2.3]).

Lemma 2.2. — Let K be a non-archimedean local field and X be an affine K-scheme of finite
type. A closed subset B is bounded if and only if B is compact with respect to the analytic topology
of X(K). If f : X — Y is a morphism of affine K-schemes of finite type, then f carries bounded
subsets of X(K) to bounded subsets in Y (K). O

The following property of bounded representations is essential for our proof.

Lemma 2.3 ( [DYK23, Lemma 3.7]). — Let K be a non-archimedean local field. Let x
Mg (X, N)(K). If {oi : m1(X) = GLy(K)}i=1,2 are two linear representations such that [01]
[02] =x € Mg (X, N)(K), then o) is bounded if and only if 0, is bounded.

O 1 m

In the case of characteristic zero, we need the following lemma due to Yamanoi.

Lemma 2.4 ([Yam10, Lemma 4.2]). — Let K be a non-archimedean local field of characteristic
zero. Let Ry C Rg(X,N)(K) be the subset whose points are bounded representations. Let
My c Mg(X, N)(K) be the image of Ry under the natural projection. Then My is compact with
respect to the analytic topology. O

2.3. A reduction theorem. — Based on the previous work [BDDM?22] on the extension of
Gromov-Schoen theory [GS92] to quasi-projective varieties, Cadorel, Yamanoi, and the first author
[CDY?22] established the following theorem for the representation of fundamental groups of quasi-
projective varieties into algebraic groups defined over non-archimedean local fields.

Theorem 2.5 ([CDY22, Theorem 0.10]). — Let X be a complex smooth quasi-projective variety,
and let ¢ : m1(X) — GLN(K) be a reductive representation where K is a non-archimedean local
field. Then for any connected Zariski closed subset T of X, the following properties are equivalent:

(a) the image o(Im[n(T) — m(X)]) is a bounded subgroup of GLy (K).
(b) Forevery irreducible component T, of T, the image o(Im[m (T}°™) — n1(X)]) is a bounded
subgroup of GLy (K). Here T}°™ means the normalization of T,,. m]

3. Proof of Theorem A

3.1. Properties of character varieties in characteristic zero. — Let f : Y — X be a morphism
between connected smooth complex quasi-projective varieties and Z be the Zariski closure of the
image of f in X. Write ¢ : Z — X as the natural inclusion. There are natural morphisms between
character varieties and representation schemes of X, Y, and Z induced by f and ¢:

Rg(X,N) =5 Mg(X,N) +—— My

L

| Rg(Z,N) —== Mg(Z,N) |ir Jv

l !

Re(Y,N) —= Mg(¥,N) +— {[1]}

3.1

Here we define

(32) My = jy ' ([1])
where [1] stands for the trivial class in Mg (Y, N). Then My is a closed subscheme of Mg (X, N).
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The following result is a consequence of the properties of harmonic maps to symmetric spaces
or to Euclidean buildings. For this purpose, the representation being reductive is enough.

Proposition 3.1. — Let f : Y — X be a morphism between smooth quasi-projective varieties and
Z be the Zariski closure of f(Y).

@ If o : mi(X) —» GLN(C) is a semisimple representation such that [p] € My(C), then
o(Im[r(Z) — m1(X)]) € gUn(C)g~!, where Uy (C) is the unitary group of degree N, and
g € GLN(C).

) Ifo:m(X) —» GLN(K) is a semisimple representation such that [o] € My (K) where K is
a non-archimedean local field, then o(Im[n(Z) — n1(X)]) is bounded.

Proof. — We might assume that f is proper.

Proof of Item (a). Write § := GLN(C)/Un(C). Let m, : fg — X be the Galois covering
corresponding to ker o. By a theorem of Mochizuki [Moc(7], there exists a g-equivariant harmonic
mapping u : X, — S corresponding to a tame pure 1mag1nary harmonic bundle (E, 6, h). By
eq. (3.2), we have f*o = 1, and thus there exists a lift f Y — X of f. Then u o f
Y — Sisa f*p-equivariant harmonic mapping corresponding to a tame pure imaginary bundle
(f*E, f*0, f*h). Since f*o = 1, by the unicity theorem of harmonic maps in [Moc07], it follows
that (f*E, £*6, f*h) = (&™ Oy, 0, hg), where h is the canonical metric for &V Oy whose curvature
is zero. Therefore, u o fis a constant map.

X,
— X
Since f is proper, f is also proper and thus f (Y ) is an irreducible analytic subvariety of X o-
Therefore, f(Y) is an irreducible component of 71';1( f(Y)). If we choose different lifts f of f,
F(¥) can be mapped surjectively onto any given irreducible component of 71;1( f(Y)). Since

uo f(Y) is a point, it follows that for any connected component W of n;l (f(Y)), the image u(W)
is a point P € S. This implies that o(Im[7;(Z) — 71(X)]) fixes P. Let g € GLy (C) such that
gUn(C) = P. Hence o(Im[(Z) — 71(X)]) € gUn(C)g~ 1.

Proof of Item (b). By (3.2), we know that f*o = 1, which is thus bounded. It follows from
Theorem 2.5 that o(Im[71(Z) — n1(X)]) is bounded. O

Proposition 3.2. — Let o : m11(X) — GLn(k) be a reductive representation where k is an
algebraic number field. If o € My (k), then o(Im[n1(Z) — 7n1(X)]) is finite.

Proof. — Let Ar(k) be the set of archimedean places of k. For any w € Ar(k), set o,, =
wo o : m(X) - GLy(C). Note that My is defined over Q as [1] € Mg (Y, N)(Q). It follows
that 0,, € My(C). By Proposition 3.1, g,,(Im[r;(Z) — m1(X)]) € g,Un(C)g;', for some
gw € GL(N,C).
For any non-archimedean place v of k, denote by k, its non-archimedean completion. Let
v m(X) — GL(N, k,) be representation induced by o. By Proposition 3.1, o, (Im[7,(Z) —
m1(X)]) is bounded for any v. It follows that o(Im[7(Z) — 71(X)]) € GLN(Ok), where Oy
is the ring of integers. Note that GLy (Ok) C [lwearx) GLn (C) is discrete. It follows that for
the representation o = ®year(k)Ow : T1(X) — [lyearx) GLn (C), we have o(Im[r(Z) —
m1(X)]) € GLN(Ok) N [Tweark) gwUn(C)g!, which is finite. Therefore, o(Im[r(Z) —
m1(X)]) is finite. O

3.2. Proof of Theorem A in characteristic zero. — The following proposition is a variant
of [DYK23, Claim 3.10].
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Proposition 3.3. — The subset jz(My (Q)) is O-dimensional and consists of finitely many points,
say {[7; : m1(Z) = GLN(Q)]}i=1,....¢. Furthermore, the number £ is no more than the number of
the geometrically connected components of My.

Proof. — We only need to show that for any two semisimple representations o1, 02 : 71 (X) —
GLy (Q) such that [o], [02] are in the same geometrically connected component of My (Q), we
have jz([o1]) = [*(01)] = [*(02)] = jz([o2]). _

Let R := ﬂ)_(l(My) C Rp(X,N). Then 01,02 € R(Q). Since m1(Z),n1(X) are finitely
generated, Mg (X, N), Mg(Z, N) as affine schemes of finite type defined over Q and R is a Zariski
closed subset defined over @

We first show that the conclusion holds if o, 0, are in the same geometrically irreducible
component of R(Q). We prove this by contradiction. Assume that [¢*(01)] # [¢"(02)], then there
exists a Q-morphism ¢ : Mg(Z, N) — Al such that ([¢*(01)]) # ¥ ([¢*(02)]). We can find a
closed irreducible curve C C R containing both ¢ and p;. Then ¢y om0 *|c =Y o jz o x|c :
C — A' is non-constant and thus generically finite. We can find an open subset U c A! over
which the above map is finite. Let K¢ be a finite extension of Q such that C is defined over K and
W omo*|c is a Kyp-morphism. Let v be a non-archimedean place of Ky and K be the completion
of Ko with respect to v. Then K is a non-archimedean local field of characteristic zero.

Take x € U(K) and o € C(K) over x. Then o is defined over some finite extension of K whose
degree is bounded by the degree s o w o t*|¢. There are finitely many extensions and we can assume
that all points over U(K) are contained in C (L), where L is a finite extension of K. Since U(K) is
unbounded, we have i o 7 o t*(C(L)) ¢ A!(L) is unbounded.

Take Ro to be the set of all bounded representations in Rg(Z, N)(L), then My := n(Rp) is
compact in Rg(Z, N)(L) with respect to analytic topology by Lemma 2.4. By Lemma 2.2,
M is bounded and ¢ (M) is also bounded in A'(L). Thus there exists o € C(L) such that
mod*(p) = [t"(0)] € My. It follows that t*o : 71(Z) — GLy (L) is unbounded. On one hand,
by Lemma 2.3, (:*0)** : m1(Z) — GLy(L) is also unbounded. On the other hand, note that
[0°°] = [o] € My(L). By the definition of My, we have f*0* : 71 (Y) — GLx(L) is trivial. It
follows Proposition 3.1 that (*(0%%) : 71(Z) — GLy (L) is bounded. Note that [c*(0*%)] = [¢*0].
By Lemma 2.3 again, (¢*0)** is also bounded. This is a contradiction, and thus we must have
[(*(01)] = [t*(02)] when o1, 07 are in the same geometrically irreducible component of ‘R.

Let M’ be a geometrically connected component of My. Consider a geometrically irreducible
component M"" of M’. We can choose a geometrically irreducible component W of n)‘(l (M"") such
that 7x (W) is dense in M”. It follows that W is an irreducible component of R. By the above
argument, we know that jz o mx(W) is a point in Mg(Z, N). Thus, jz(M") is also a point in
Mg(Z,N). Consequently, jz(M’) is a point in Mg(Z, N).

Let My, ..., My be all geometrically connected components of My, which are all defined over
Q. We then can take semisimple representations {o; : m;(X) — GLy (@) }j=1,....k such that
[0i] € M;(Q). Then the image jz(My(Q)) = {jz([oi]) }i=1....k =t {[7i]}i=1,.._.¢ for some € < k.
The proposition is proved. O

Now we can prove Theorem A in characteristic zero.

Theorem 3.4. — Let f : Y — X be a morphism between connected smooth quasi-projective vari-

eties and Z be the closure of the image of f. There exists finitely many semisimple representations

{7i : 11(Z) = GLN(Q)}i=1,....¢ such that

({A) foranyi, v;(m1(Z)) is a finite group;

(i) ifo: m(X) — GLN(K) is a semisimple representation with K a field of characteristic zero
such that f*o =1, then "o : m11(Z) — GLN(C) is conjugate to some 1;. Here 1 : Z — X is
the natural inclusion.

Proof. — By Proposition 3.3, jz(My(Q)) is zero dimensional. Let {r; : m(Z) —
GLy (@)}izl ,,,,, ¢ be semisimple representations such that {[7;]};=1,... ¢ is the image jz(My (@))
Then there exist semisimple representations {0; : m(X) — GLyn(Q)}i=i... ¢ such that
[0i] € My(Q) and [¢*o;] = jz([0i]) = [7;]. By Proposition 3.2, t*0;(71(Z)) is a finite group.
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Hence (" o; is a semisimple representation. It follows that ¢* 9; is conjugate to 7;. Hence 7; (71 (Z))
is finite.

Since 71 (X) is finitely presented, there exists a subfield £k C K with tr.deg.(k/Q) < co such
that o(71(X)) € GLy (k). Then there exists an embedding k < C and we may think of o as a
complex linear representation. Therefore, [¢"0] = jz([©]) = [7;] for some i by Proposition 3.3.
By Proposition 3.1, we know that (*o(m1(Z)) € Un(C) up to a congujation. Note that any
unitary representation is semisimple. It follows that (*o : 71(Z) — GLx(C) is a semisimple
representation. Hence ¢*o is conjugate to 7;. The theorem is proved. O

Remark 3.5. — (i) The above theorem is a generalization of [[LR96, Theorem 1.1] in character-
istic 0 to the quasi-projective case, along with a more explicit description of the finite set Ay
(N represents n there) they defined.

(i) A weaker result is proven in [DYK23, Theorem A]: if o : 71(X) — GLy(C) is a semisimple
representation such that f*o = 1, then o(Im[7;(Z) — m1(X)]) is finite.

3.3. Proof of Theorem A in positive characteristic. — In this subsection, let f : ¥ — X be a
morphism between smooth complex quasi-projective varieties and let Z be the closure of f(Y).
It induces a morphism jy : Mg(X,N)r, — Mg(Y,N)g, between affine Fj,-schemes of finite
type. The natural inclusion ¢ : Z < X induces jz : Mg(X, N)r, — Mgp(Z, N)g, which is also
a morphism between affine IF,-schemes of finite type. Let My , := j, Y([1]), which is a Zariski
closed subset of Mg (X, N)g,, defined over F),.

We first recall the following lemma in [DY23].

Lemma 3.6. — Let K be an algebraically closed field of characteristic p > 0 and let T" be a
finitely generated group. Let o : T' — G(K) be a representation such that its semisimplification is
conjugate to some v : I' — GLy(F,). Then o(I') is finite.

Since the proof is short, we recall it for the sake of completeness.

Proof of Lemma 3.6. — Since the image of 7 is finite, we can replace I' with a finite index
subgroup such that 7(I") is trivial. Hence, we can assume that the semisimplification of o is
trivial. Therefore, some conjugation o of o has image in Uy (K) of all upper-triangular matrices
in GLy (K) with 1’s on the main diagonal. Note that U (K) admits a central normal series whose
successive quotients are isomorphic to G, k. It follows that o-(I") admits a central normal series
whose successive quotients are finitely generated subgroups of G, x, which are finite groups. It
follows that o-(I") is finite. The lemma is proved. O

Lemma 3.7. — The subset jz(My ) is O-dimensional and consists of finitely many points, say

{[7; : m1(Z) = GLy (E)] Yi=1.....c. Furthermore, the number € is no more than the number of the
geometrically connected components of My .

Proof. — Assume by contradiction that jz(My, ) is positive dimensional. Write Rg, for
Rp(X, N)z Xspecz SpecFp. Since the morphism 7, : R, — Mg(X,N)g, is surjective be-
tween affine [F),-schemes of finite type, we can find an affine irreducible curve C, C ﬂ;l(My’ »)
defined over E such that jz o m,,(C,) is positive dimensional. Let Chbea compactification of the

normalization C of C,, and let {Py,...,P;} = C \ C. Let g = p" such that C is defined over F,
and P; € Ry, (F,) for each .

By the universal property of the representation scheme R, C gives rise to a representation
oc : mi(X) — GLn(F,[C]), where F,[C] is the coordinate ring of C. Consider the discrete

valuation v; : F,(C) — Z defined by P;, where F,(C) is the function field of C. Let mw be
the completion of F,(C) with respect to v;. Then we have (m yo Vi) = (Eq((1)),v), where
(F,(()), v) is the formal Laurent field of F,, with the valuation v defined by v(},{<, a;t') = min{i |
a; # 0}. Let o; : m1(X) — GLy (F4((7))) be the extension of oc with respect to mvi.

Claim 3.8. — There exists some i such that 1" 0; : 71(Z) — GLy (F,((¢))) is unbounded.
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Proof. — This claim is proved in [BDDM22,DY?23] and we recall it here for the sake of com-
pleteness. Assume for the sake of contradiction that ¢*o; is bounded for each i. Then after
we replace (*o; by some conjugation, we have (*p;(m1(Z)) € GLn(F,[[t]]). For any ma-
trix A € GLy(K), we denote by y(A) = TV + o (A)TN-! + ... + o5 (A) its characteristic
polynomial. Then o;(*oc(y)) € Fy[C] for each y € m1(Z). Since we have assumed that
t*0i(m1(Z)) € GLy (Fq[[¢]]) for each i, it follows that o (¢*0;(y)) € F,[[t]] for each i. There-
fore, by the definition of o;, v;(cj(t*oc(y))) > 0 for each i. It follows that o (¢* o (y)) extends
to a regular function on C, which is thus constant. Since the conjugate classes of semisimple
representations are determined by their characteristic polynomials, it follows that jz o 7, (C,) is a
point, which contradicts to our assumption at the beginning. Hence there exists some i such that
t*0; : m1(Z) — GLy (F4((?))) is unbounded. O

For each i, note that [o;] € My ,,(F,((¢))). It follows that [ f*o;] = 1. By Lemma 2.3, f*p; is
bounded. Thanks to Theorem 2.5, t*p; is also bounded. This contradicts to Claim 3.8. O

Theorem 3.9. — Let f : Y — X be a morphism between connected smooth quasi-projective vari-
eties and Z be the closure of the image of f. For any prime number p > 0, there exists finitely many
semisimple representations {t; : m1(Z) — GLy (E)}izl ..... ¢ such that if o : 71(X) — GLN (K)
is a linear representation where charK = p such that [ f* o] = 1, then the semisimplification of
t*o : m(Z) = GLN(K) is conjugate to some 1;. Here 1 : Z — X is the natural inclusion. In
particular, ©*o(m1(Z)) is finite.

Proof. — Without loss of generality, we can assume that K is algebraically closed. Note that
[o] € My ,(K)as [f*o] = 1. By Lemma 3.7, jz([o]) = [7;] for some semisimple 7; : 71(Z) —
GLy (E) therein. Hence 7; is conjugate to the semisimplification of (*p. By Lemma 3.6, we
conclude that * o(r1(Z)) is finite. O

Remark 3.10. — In [DY23, Theorem A], the first author and Yamanoi constructed the Shafarevich
morphism for any representation o : m1(X) — GLy(K) where X is a quasi-projective normal
variety and K is a field of positive characteristic. As a byproduct, a similar result compared with
Theorem 3.9 is proved: if ¢ : 71(X) — GLy (K) is a linear representation such that f*o(m(Y))
has finite image, then (" o (71 (Z)) is also finite.

4. Proof of Theorem B
4.1. Character variety in characteristic zero. —

Theorem 4.1. — Let f : Y — X be a morphism between two connected smooth quasi-projective
varieties and Z be the Zariski closure of the image of f. If Im[n(Z) — n(X)] is a finite index
subgroup of 1(X), then jy : Mg(X,N) — Mg(Y, N) is a quasi-finite morphism.

The proof of Theorem 4.1 is similar to that of Proposition 3.3.

Proof. — Since jy is a Q-morphism of affine schemes of finite type, it suffices to prove that for

any Q-point x of Mg(Y, N), j;l (x) is a finite set of Q-point. We assume by contradiction that

there exists a semisimple representation o : 711(Y) — GLy (Q) such that Jy '([o]) is not finite.
Set M = j, '([o]). Tt is a positive dimensional closed subscheme of Mg (X, N) defined over

Q. Since 71 (Y) is finitely generated, there exists a number field k such that o : 71 (Y) — GLy (k).
Moreover, there exists a non-archimedean place v such that o : 71(Y) — GLy (k) is bounded,
where k, is the completion of k with respect to v.

Let R := n)‘(l(M) C Rg(X, N), where nx : Rg(X, N) — Mg(X, N) is the GIT quotient. Since
M is a positive dimensional affine scheme defined over Q, there exists a @—morphism WM — Al
whose image is Zariski dense. Since mx is surjective, we can find a closed irreducible curve C C R
such that o x|c : C — Al is generically finite.

Let K be a finite extension of k, such that C is defined over K and ¢ o nx|c is a morphism
of K-schemes. We can find an open subset U < A! over which the above map is finite. Take
x € U(K) and ¢ € C(K) over x, then g is defined over some finite extension of K whose degree is
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controlled above by the degree of i o mx|c. There are finitely many extensions and we can assume
that all points over U(K) are contained in C(L), where L is a finite extension of K. Since U(K) is
unbounded, we have o mx(C(L)) c A!'(L) is unbounded.

Take Ry to be the set of all bounded representations in Rg(X, N)(L), then My := nx(Ryp) is
compact in Mg (X, N)(L) with respect to analytic topology by Lemma 2.4 and ¢ (Mj) is also
bounded in A'(L) by Lemma 2.2. It follows that there exists o € C(L) such that 7x(o) =
[0] ¢ My. Let T = 0% : m(X) — GLy(L) be the semisimplification of 9. By Lemma 2.3,
7 : m(X) = GLy (L) is also unbounded. Note that [7] = [o] € Mg (X, N)(L). By the definition
of C, we have [f*7] = jy([r]) = [o] as points in Mg(Y, N)(L). Note that f*r is semisimple
by [Moc07, Theorem 25.30], it follows that f*7 is conjugate to o : 71 (Y) — GLx (L).

Let L’ be a finite extension of L such that 7 : 7;(X) — GLxy(L’). We think of o as a
representation o : m1(¥Y) — GLx (L"), which is bounded as L’ is a finite extension of k,. Hence
[t : 1 (Y) » GLy(L’) is also bounded. This implies that 7(Im[7;(Z) — 71(X)]) is bounded
thanks to Theorem 2.5. Since we assume that Im[7{(Z) — 71(X)] is a finite index subgroup of
m1(X), it follows that 7(7r; (X)) is also bounded. This contradicts that 7 is unbounded. Therefore,
j;l([a]) is a finite set. Since [o] is an arbitrary point in Mg (Y, N) (Q), it follows that jy is
quasi-finite. We proved the theorem. O

Remark 4.2. — The above theorem generalizes [Las95, Theorem 6.1] to the quasi-projective
setting. We remark that the original proof by Lasell in the projective case is quite involved and is
substantially built on Deligne’s mixed Hodge theory, Simpson’s work of harmonic bundles [Sim92]
and his construction of moduli space of semistable Higgs bundles Mp in [Sim94a, Sim94b].
Notably, the construction of Mp, in the quasi-projective cases has not been established yet.
Therefore, we cannot apply the same method by Lasell to prove Theorem 4.1.

4.2. Character variety in positive characteristic. —

Theorem 4.3. — Let f : Y — X be a morphism between connected smooth quasi-projective
varieties and Z be the closure of the image of f. If Im[n1(Z) — n1(X)] is a finite index subgroup
of m1(X), then jy : Mg(X, N)g, — Mg(Y, N)g, is a quasi-finite morphism.

Proof. — Since jy : Mp(X,N)g, — Mp(Y,N)g, is a morphism of affine F),-schemes of fi-
nite type, it suffices to prove that j, '([o]) is zero-dimensional for any closed point [o] €
Mg(Y,N)g, (E). Assume, for the sake of contradiction, that j, Y([o]) is positive dimensional for
some semisimple o : 71(Y) — GLy(F),). Write Rg,, for Rp(X,N)z Xspecz SpecFj,. Since the
GIT quotient 7, : Rg, — Mp(X,N)F, is a surjective morphism between affine F,-schemes of
finite type, we can find an irreducible affine curve C, C (jiy o 7)1 ([o]) defined over E such
that 7, (C,) is positive dimensional. Let C be a compactification of the normalization C of C,,,

and let {Py,...,P;} = C\ C. Let g = p" such that C is defined over F, and P; € Ry, (F,) for
each i.

By the universal property of the representation scheme R, C gives rise to a representation
oc : m1(X) = GLy(F,[C]), where F,[C] is the coordinate ring of C. Consider the discrete

valuation v; : F,(C) — Z defined by P;, where F,(C) is the function field of C. Let fF;(F)W be
the completion of F,(C) with respect to v;. Then we have (m vy vi) = (F4((1)),v), where
(F,(()), v) is the formal Laurent field of F,, with the valuation v defined by v(},{<, a;t') = min{i |
a; # 0}. Let o; : m1(X) — GLy (F;((7))) be the extension of oc with respect to (Fq(C)w, vi).

Claim 4.4. — There exists some i such that o; is unbounded.

Proof. — This proof is in the same vein as Claim 3.8 and we repeat it here for completeness.
Assume by contradiction that o; is bounded for each i. Then after we replace p; by some
conjugation, we have o;(m1(X)) € GLy(F,[[?]]). For any matrix A € GLy(K), we denote by
y(A) =TV + 0 (A)TN"'+... 4+ on(A) its characteristic polynomial. Then oj(oc(y)) € F4[C]
for each y € m1(X). Since we have assumed that g, (71 (X)) € GLy (F,[[#]]) for each i, it follows
that 07 (0;(y)) € Fy[[t]] for each i. Therefore, by the definition of g;, vi(cj(0c(y))) = 0 for
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eachi. It follows that o; (oc (7y)) extends to a regular function on C, which is thus constant. Hence
7, (C,) is a point, leading to a contradiction. ]

Lett; : m1(X) — GLy (F,4(())) be the semisimplification of o;. Note that for the representation

ffti : m(Y) = GLy(F,((2))), its semisimplification (f*7;)** is conjugate to o : m(Y) —
GLy (E). Note that o-(7r1 (X)) has finite image. Hence ( f*7;)** is bounded and by Lemma 2.3,
f*1; is bounded. By virtue of Theorem 2.5, t*7; is also bounded, where ¢ : Z — X is the inclusion.
Since Im[71(Z) — n;(X)] is a finite index subgroup of 71 (X), it follows that 7; is bounded,
and thus p; is bounded by Lemma 2.3 for any i. This contradicts to Claim 4.4. The theorem is
proved. O
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